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ABSTRACT
In this paper, we construct a module on a Z2-orbifold of noncommutative T
4. First, we explic-
itly construct a module on noncommutative T4 following Rieel’s method. Then, applying
the appropriate quotient conditions for its Z2 orbifold, we nd a Connes-Douglas-Schwarz
type solution of matrix theory compactied on noncommutative T4=Z2. The resulting Higgs
branch moduli space in the so-called Rep. I where two copies of projective modules over









The pioneering work of Connes, Douglas, and Schwarz [1] revealing the equivalence between
noncommutative Yang-Mills theory living on the noncommutative torus and toroidally com-
pactied IKKT(and also BFSS) M(atrix) theory [2, 3] with the constant 3-form background
eld has spurred various works [4] on noncommutative geometry and M/string theory since
then. It has soon been known that the T-duality of M(atrix) theory can be understood in
terms of Morita equivalence of the vector bundles over noncommutative tori [5, 6].
Many of these works have been related to the torus compactication and not much has
been addressed to the noncommutative orbifold case. Recently, Konechny and Schwarz [7]
worked out the compactication of M(atrix) theory on the Z2 orbifold of the noncommu-
tative two torus. However, physically more relevant compactication on the Z2 orbifold of
noncommutative 4-torus, a singular K3 surface, has not been worked out so far. In the
commutative case, systems of D0-branes on the commutative orbifold T4=Z2 were studied
in [8] and [9]. In this paper, following the work of [1] and formulating the toroidal orbifold
problem along the lines of [10], [7], and [8], we investigate the system of D0-branes on the
noncommutative T4=Z2 extending the approach of [8] to the noncommutative case.
An eective eld theory of D0-branes on a quotient space of the form R4=G, with G a
discrete group, can be obtained by describing a system of D0-branes on the covering space,
together with their images, and projecting the resulting eld theory onto its G-invariant
part. Now, we consider the compactication in the context of IKKT M(atrix) model [2] on
the orbifold T4=Z2 where Z2 acts as a central symmetry x 7! −x. If we let T4 = R4=,
where  is a lattice in R4 of rank 4, then the Z2-action on T
4 preserves the lattice and thus
induces the action of Z2 on , which we will denote the action by . Now the space T
4=Z2
can be thought as R4=G, where G =  o Z2 is the semidirect product via . Thus the
product and inversion on G are given by
(a; k)  (b; h) = ((h)a+ b; k + h);
(a; k)−1 = (−(−k)a;−k);
where h; k 2 Z2 = f0; 1g and a; b 2 . Consider the total G-action on R4 which is given by
real ane transformation of R4 generated by translations a 2  and by the linear transfor-
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mation (k). Thus for (a; k) 2 G, v 7! (i)v + a 2 R4, where v 2 R4.
To formulate the quotient conditions, we should nd a Hilbert space H, unitary repre-
sentation U of G in H and Hermitian operators X in H subject to the constraints
U(a; k)−1XU(a; k) = X ;  = 0; 5;    ; 9
U(a; k)−1XiU(a; k) = (k)Xi + 2a  Id; i = 1; 2; 3; 4: (1)
More explicitly, we can write the action of G on R4 by
ci : (x1; x2; x3; x4) 7! (x1;    ; xi + 2Ri;    ; x4); 1  i  4;
c5 : (x1; x2; x3; x4) 7! (−x1;−x2;−x3;−x4);
where Ri corresponds to the radii of the torus T
4. The group G is generated by ci and c5









5 = 1 where 1  i; j  4: (2)
Then for the quotient conditions (1), we need to nd a Hilbert space H and unitary repre-
sentations of Z4 and Z2 on H and Hermitian operators X such that
UiXjU
−1





i = X (4)
ΩXiΩ = −Xi (5)
ΩXΩ = X ;  = 0; 5;    ; 9; (6)
where Ui = U(ci), 1  i  4, Ω = U(c5). Now following the description of [10] and [7] we






2 = 1: (8)
From the relation (7) we see that the Hilbert space H can be considered as a module over a
noncommutative 4-torus A, which is generated by the unitary operators Ui with the com-
mutation relation (7), and the Hermitian operators Xi’s correspond to a connection on the
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module. The relation (8) is the compatibility condition of representations of  and Z2 on H
with the Z2-action on A, which is dened by an involution  transforming Ui to U−1i . In
particular, when  = 0, the Hilbert space corresponds to a Z2-equivariant vector bundle on
the Z2-space T
4 and Xi specify an equivariant connection on the bundle. Now the equivari-
ant version of the Serre-Swan theorem indicates that there is a one-to-one correspondence
between Z2-equivariant vector bundles on the Z2-space T
4 and nitely generated projective
modules over the crossed product C-algebra C(T4) o Z2. As a noncommutative analogue
we see that the relations (7), (8) mean that the Hilbert space H is simply a module over the
crossed product algebra A o Z2, where  denotes the action of Z2 on A by involution.
The crossed product A is the C-completion of the linear space of A-valued functions on
Z2, which is denoted by Cc(Z2;A). Thus a general element of A o Z2 is a formal linear





k, where k 2 f0; 1g.
Thus, from the quotient conditions (3)-(6) a A o Z2-module is a A-module with a
unitary operator Ω acting on it and with the relations (8). Furthermore a A-module is a
nitely generated projective module if and only if its corresponding module over A o Z2
is nitely generated projective. Therefore, in order to describe a module over A o Z2, we
rst need to consider a module over A.
The organization of the paper is as follows. In Section 2, we review the projective
modules over noncommutative torus following [11]. In Section 3, we review the connections in
noncommutative torus. In Section 4, we construct a projective module on noncommutative
4-torus a la Rieel [11] explicitly, and then nd a CDS type solution of M(atrix) theory
compactication on the noncommutative 4-torus and showed that the dual module is actually
related via SO(4,4jZ) duality transformation. In Section 5, we construct the Z2 orbifold
solution for the system of D0-branes by applying the quotient conditions to the solution
obtained in Section 4. We conclude in Section 6.
2 Projective Modules over Noncommutative Torus
Projective modules over a smooth noncommutative d-torus A1 is given by S(RpZq F ),
the linear space of Schwartz functions on Rp  Zq  F , where 2p + q = d and F is a nite
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abelian group. The module action is specied by operators on S(Rp  Zq  F ) and the
commutation relation of these operators should be matched with that of elements in A1 .
Let M = Rp  Zq  F . Then S(M) = S(Rp  Zq) ⊗ S(F ), here the tensor product is
an algebraic one and S(F ) is the space of complex-valued functions on F and hence it is a
nite dimensional vector space over C. In particular, when p = 0, it represents a free module
whose rank is the dimension of S(F ). To dene the module action, in general, we denote by
M̂ the dual group of M which is the group of continuous homomorphisms from M to R=Z.
Let H = M  M̂ . Then there is a canonical Heisenberg cocyle  on H which is dened by
((m1; s^1); (m2; s^2)) := e
2isˆ2(m1); (9)
where m1; m2 2 M and s^1; s^2 2 M̂ . With respect to this cocyle, we also have a canonical
Heisenberg representation of H on S(M) and it is given by
(U(m;sˆ)f)(n) = e2isˆ(n)f(n+m) (10)
where f 2 S(M), n;m 2M and s^ 2 M̂ . From the relation (10) it is easy to check that
UxUy = (x; y)Ux+y = (x; y) (y; x)UyUx; x; y 2 H: (11)
Thus it is natural to dene a skew bicharacter  on H by (x; y) = (x; y) (y; x) and this
should be compatible with the deform parameter . Now we can dene the left module action
on S(M) by means of operators given in (10). Furthermore every lattice in H determines
a projective modules over the algebra A1 . Thus a projective module is determined by a
choice of lattice in H and its representation which is compatible with operator relations.
This construction can be done by dening a suitable embedding of Zd into H .
Let N = Rp  Zq. Then S(M) = S(N)⊗ S(F ) and H = M  M̂ = (N  N̂) (F  F̂ )
where N̂ and F̂ are dual groups of N and F , respectively. Now the Heisenberg cocyle  can
be written as the product of Heisenberg cocyles of N  N̂ and F  F̂ . In other words we can
dene module actions on S(N) and S(F ) separately and the full module action on S(M) is
then the product of two module actions. First we construct a left module action on S(N).
For this, we consider a linear map T : Rd ! Rp+q  (R)p+q with the following properties:
1. T (Zd)  Rp  Zq  (R)p+q,
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2. T (Zd) is a lattice in N  N̂ , equivalently the linear map T˜ : Rd ! Rp+q  (R)p is
invertible and hence det ~T 6= 0,
3. (^2T )(!) = −γ 2 ^2Rd, where ! = e1 ^ e1 +    ep+q ^ ep+q is the standard 2-form
on Rp+q  (R)p+q.
Such a map T is called an embedding map. The rst two conditions in the above correspond
to a choice of a lattice in N  N̂ and the condition 3 is related to the compatible module
action. The maps considered in the above denition can be summarized as follows
Zd = Z2p  Zq embedding−−−−−−! Rp  Zq  (R)p  Tq = N  N̂yinclusion yinclusion
Rd
T−−−! Rp Rq  (R)p  (R)qyId yprojection
Rd
T˜−−−! Rp Rq  (R)p:
For such an embedding map T : Rd ! Rp+q  (R)p+q, we dene the left module action on
S(N) using the representation (10) with the Heisenberg cocyle associated to −γ 2 ^2Rd.
For any x 2 Zd, the Heisenberg representation is given by
(Vxf)(n) = (UT (x)f)(n) = e2ihn;T 0(x)if(n+ T 0(x)); (12)
where T (x) = (T 0(x); T 00(x)) 2 Rp+q  (R)p+q. Then it is easy to verify that
VxVy = e
2ifhT 0(y);T 00(x)i−hT 0(x);T 00(y)igVyVx = e−2iγ(x;y)VyVx: (13)
Therefore if e1;    ; ed is a lattice basis, the operators Vei = Vi obey the commutation relation
ViVj = e
−2iγijVjVi; where γ(ei; ej) = γij: (14)
To complete the discussion on the construction of projective modules over A1 , we need
to describe the module action on the nite group part. Recall that the space S(F ) is a nite
dimensional vector space and the bivector  2 ^2Rd, which comes from the Heisenberg
cocyle on F  F̂ , is rational and hence we can nd a basis fe1;    ; edg for Zd such that
 jk : =  (ej ; ek) =
pi
qi
if j = 2i− 1; k = 2i (15)
 jk : =  (ej ; ek) = 0 if j 6= 2i− 1; k 6= 2i or j 6= 2i; k 6= 2i− 1; (16)
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where pi and qi are relatively prime integers and also the nite abelian group F can be
written as the product of cyclic groups F = Zq1      Zql, where l is the maximal index
that the number pl=ql is not zero. Associated to the basis given above, we now give operators
on S(F ) as follows:
(W2i−1f)(k1;    ; kl) = f(k1;    ; ki − pi;    ; kl) (17)
(W2if)(k1;    ; kl) = e−2i
ki
qi f(k1;    ; kl): (18)
Then it is easy to check the following commutation relation
WjWk = e
2i jkWkWj : (19)
Finally we let Uj = Vj ⊗Wj acting on S(M) = S(N) ⊗ S(F ). Then these operators obey
the relation
UjUk = e
−2iγjk+2i jkUkUj ; (20)
and thus we have the solution for the module action if γ =  − .
We now consider the endomorphisms algebra of a module over A. Let  be a lattice
in H = M  M̂ and let T be the corresponding embedding map. Thus  is the image of
Zd under the map T and this determines a projective module which will be denoted by HΛ.
Consider the lattice
? := f(m; s^) 2 M  M̂ j ((m; s^); (n; t^)) = T^ (m)− s^(n) 2 Z; for all (n; t^) 2 g: (21)
From the denition, it is easy to see that every operator U(m;sˆ), dened as in (10) for
(m; s^) 2 ?, commutes with all operators U(n;tˆ), (n; t^) 2 . In fact one can show that
the algebra of endomorphisms on HΛ, denoted by EndAθ(HΛ), is a C-algebra which is ob-
tained by C-completion of the space spanned by operators U(m;sˆ), (m; s^) 2 ?. The algebra
EndAθ(HΛ) can be identied with a noncommutative torus A̂, here ̂ is a bilinear form on
?. Furthermore, as was proved in [5], A̂ is completely Morita equivalent to A if and only







3 Connections in Noncommutative Torus
Let A be a C-algebra considered as the noncommutative analog of topological space. Then
a vector bundle is a projective module. To introduce a notion of a connection let us x a
homomorphism of a Lie group L into the group of automorphisms of A. Its innitesimal
form generates a homomorphism of Lie algebra L of L into Lie algebra of derivations of A,
which will be denoted by  : L! Der (A). Thus for each X 2 L, (X) := X is a derivation
of A. In other words, it satises
X(ab) = X(a)b+ aX(b): (22)
Derivations corresponding to the generators of L will be denoted by 1;    ; n.
If H is a projective A-module, a connection on H is dened as a set of linear operators
r1;    ;rn acting on H such that
ri(a) = (ri)a+ i(a);  2 H; a 2 A; i = 1;    ; n: (23)
Furthermore, if, for A-valued inner product h; i on H
hri; i+ h;rii = i(h; i); (24)
then it is called a Hermitian connection.
In the case when A is an algebra of smooth functions on Rn or Tn, we obtain the standard
notion of connections in a vector bundle. In this case, L = Rn acts on Rn or Tn by means
of translations.
The curvature F of a connection is a 2-form
FXY = [rX ;rY ]−r[X;Y ]:
The curvature is dened on the Lie algebra g and takes values in EndA(H), where E =
EndA(H) is the algebra of endomorphisms of the A-module H. Note that if ri and r0i are
two Hermitian connections, then ri−r0i belongs to the algebra E . Thus once we have xed
a constant curvature connection r, then every other constant curvature connections is of
the form r + A, here A is a linear map L into E . In other words, the space of constant
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curvature connections is an ane space with vector space consisting of the linear maps from
L to E . Since the curvature is invariant under the gauge transformations, the moduli space of
constant curvature connections can be seen as the algebra of endomorphisms modulo gauge
group.
4 Compactification on NC T4.
In this section we study the compactication solutions on a NC 4-torus A. In other words
we nd solutions to the equations (3), (4) and (7) for the case e2iij 6= 1, following the guide
line in [1]. After we x U1; U2; U3 and U4, or a projective module, the general solution has
the form of Xi = Xi+Ai, where Xi are particular solutions and Ai are operators commuting
with Ui. Recall that a projective module over A is of the form L2(RpZq)⊗L2(F ), where
2p + q = 4. Thus there are three types of modules over A according to p = 0; 1; 2. When
p = 0, it is a free module, which can be written as Al. The other two types are of the form
L2(R Z2)⊗ L2(F ) and L2(R2)⊗ L2(F ).
We rst consider the case when p = 2. We start with a construction on the nite
group part. As discussed in Section 2, we can take the nite abelian group F in the form
F = ZM1  ZM2 , where ZMi = Z=MiZ, (i = 1; 2). Let us consider the space CM1 ⊗ CM2 as
the space of functions on C(ZM1 ZM2). For all Mi 2 Z and Ni 2 Z=MiZ such that Mi and
Ni are relatively prime, dene operators Wi on C(ZM1  ZM2) by
(W1f)(k1; k2) = f(k1 −N1; k2)
(W2f)(k1; k2) = exp(−2ik1
M1
)f(k1; k2)
(W3f)(k1; k2) = f(k1; k2 −N2) (25)
(W4f)(k1; k2) = exp(−2ik2
M2
)f(k1; k2):










otherwise commute. If we write WiWj = exp(2i ij)WjWi, then the anti-symmetric 4  4-















Let T : Z4 −! R2 R2 be an embedding map in the sense of Section 2. Thus
T =

x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34
x41 x42 x43 x44
 (28)
has nonzero determinant and satises (^2T )(!) = −γ where ! = e3 ^ e1 + e4 ^ e1 2 ^2(Z4)
and ei are standard basis for Z
4. Equivalently, if we consider the Heisenberg representation
of Z4 in a Hilbert space, the desired operators acting on the space of smooth functions on
R2 are dened by the following form:
(Vif)(s1; s2) = (Veif)(s1; s2) := exp(2i(s1x3i + s2x4i))f(s1 + x1i; s2 + x2i): (29)









If γ is a real matrix, the operators Vi act on the Schwartz space S(R2). Now we dene
operators Ui = Vi ⊗Wi acting on the space HT := S(R2)⊗CM1 ⊗ CM2 as follows
(U1f)(s1; s2; k1; k2) = e
2i(s1x31+s2x41)f(s1 + x11; s2 + x21; k1 −N1; k2)
(U2f)(s1; s2; k1; k2) = e
2i(s1x32+s2x42)  e−
2piik1
M1 f(s1 + x12; s2 + x22; k1; k2)
(U3f)(s1; s2; k1; k2) = e
2i(s1x33+s2x43)f(s1 + x13; s2 + x23; k1; k2 −N2)
(U4f)(s1; s2; k1; k2) = e
2i(s1x34+s2x44)  e−
2piik2
M2 f(s1 + x14; s2 + x24; k1; k2)
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Then it is easy to see that they satisfy
UiUj = exp(−2iγij + 2i ij)UjUi:
Thus we have solution of (7) if γ =  − .
Now we can dene operators Xi acting on HT = S(R2) ⊗ CM1 ⊗ CM2 in the following
way:
( Xif)(s1; s2; k1; k2) = 2iA
1
i s1f(s1; s2; k) + 2iA
2
i s2f(s1; s2; k1; k2)
− A3i
@f(s1; s2; k1; k2)
@s1
− A4i
@f(s1; s2; k1; k2)
@s2
: (32)
From the denition of Ui and Xi, it is easy to see that the operators Wi are commute with Xi
and thus in order to check (3) and (4), we have only to concern on Vi’s. Now the operators





















































x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34





















































x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34
x41 x42 x43 x44
 = Id: (34)





B11 −B21 B31 −B41
−B12 B21 −B32 B42
B13 −B23 B33 −B43
−B14 B24 −B34 −B44
 ; (35)
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where Bij is the determinant of 3 3 matrix obtained from elimination of the i-th row and
j-th column of the matrix T . Using this we can nd a particular solution Xi to the equations
(3) and (4) as in the form (32), where






It is easy to check that the commutator has of the form







Now by (36), we have













































0 R1R2γ34 −R1R3γ24 R1R4γ23
−R1R2γ34 0 R2R3γ14 −R2R4γ24
R1R3γ24 −R2R3γ14 0 R3R2γ12
−R1R4γ23 R2R4γ24 −R3R2γ12 0
 (38)





From this result, we can determine the dimension of HT . In [1], for a compact Kaehler











2 , then the dimension of S(R2) is equal to detT . Fur-
thermore detT is equal to the Pane of γ. Since γ =  − ,
Pf(γ) = γ13γ24 − γ12γ34 − γ14γ23 (40)
= ( 13 − 13)( 24 − 24)− ( 12 − 12)( 34 − 34)− ( 14 − 14)( 23 − 23): (41)
Now by the formula of  given in (27), we have











Finally we have the dimension of HT := S(R2)⊗ CM1 ⊗ CM2 in the following form
dim HT = dim S(R2) dim CM1  dim CM1 (43)
= M1M2 Pf( − ) (44)
= M1M2Pf()−N1N2 +M2N134 +M1N212: (45)
Now we should nd generators of the set of operators which commutes with Ui’s. To nd
such operators we need to describe an embedding map which corresponds to the dual lattice




0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
  (T t)−1 = 1detT

B31 −B32 B33 −B34
−B41 B42 −B43 B44
−B11 B12 −B13 B14
B21 −B22 B23 −B24
 : (46)
Using the matrix (46), we dene operators acting on HT by
(Z1f)(s1; s2; k1; k2) = e
2pii(−s1B11+s2B21)




M1jT j ; s2 −
B41
M1jT j ; k1; k2) (47)
(Z2f)(s1; s2; k1; k2) = e
2pii(s1B12−s2B22)
M1jT j f(s1 − B32
M1jT j ; s2 +
B42
M1jT j ; k1 − 1; k2) (48)
(Z3f)(s1; s2; k1; k2) = e
2pii(−s1B13+s2B23)




M2jT j ; s2 −
B43
M2jT j ; k1; k2) (49)
(Z4f)(s1; s2; k1; k2) = e
2pii(s1B14−s2B24)
M2jT j f(s1 − B34
M2jT j ; s2 +
B44
M2jT j ; k1; k2 − 1); (50)
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where jT j = Pf( − ) denotes the determinant of T and b1, b2 are integers such that
aiMi + biNi = 1, ai are also integers. To check the operators Zi commute with all Uj ’s, let
ZiUj = e




{∣∣∣∣∣ x1i x3i(−1)3+jB3j (−1)1+jB1j
∣∣∣∣∣+






where k = 1; 2 depending on ij. From the relation (51),









= −ak 2 Z: (53)
Thus Zi commute with all Uj ’s.
Furthermore the operators satisfy
ZiZj = e
2iˆZjZi: (54)
Now ^ can be calculated directly and it is given by
^12 =















a2N1 + b2N134 + a2M112 − b2M1Pf()
M1M2Pf( − ) :
Also we have




0 −a1 0 0
a1 0 0 0
0 0 0 −a2
0 0 a2 0
 ; B =

b1 0 0 0
0 b1 0 0
0 0 b2 0






N1 0 0 0
0 N1 0 0
0 0 N2 0
0 0 0 N2
 M =

0 M1 0 0
−M1 0 0 0
0 0 0 M2
0 0 −M2 0
 : (57)
From the equation (55), we see that − and ^ are related by SO(4; 4jZ) transformation. By
the theorem in [6], the noncommutative torus A− is Morita equivalent to Aˆ and hence
Aˆ  EndA−θ(HT ). This implies that U(n) theory on A− is equivalent to U(1) theory on
Aˆ. For U(1) theory the generators Zi can be identied with functions on the dual torus:
Zj ! eij (58)
where j are coordinates of the dual torus such that
[i; j ] = −2i^ij : (59)
Now the general solution of the compactication is given by












where the coecients Ψi1i2i3i4 are c-numbers.
Recall the denition of connections in noncommutative torus. By (22) and (23) we see
that
i(Uj) = 2iijUj and [ri; Uj ] = 2iijUj : (61)
From the denition of Xi given in (32) and the relation (33) we have
[Xi; Uj] = −ijRi: (62)
In other words, we can identify as Xi =
Ri
2i




γ−1  Id: (63)




ri + Ai(1; 2; 3; 4) (64)
where Ai are regarded as a function on the dual torus.
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5 Compactification on NC Toroidal Orbifold A o Z2
In this section we give explicit solutions for the quotient conditions (3)-(6) on the system
of D0-branes on T4=Z2. We rst consider the case of one D0-brane, then generalize to the
case of N D0-branes. When a single D0-brane is moving on the toroidal orbifold T4=Z2, it
corresponds to a U(1)-gauge theory on the noncommutative toroidal orbifold. As discussed
in Section 1, we start with the compactication solutions on noncommutative torusA which
are the solutions of (3) and (4). These solutions describe projective modules on A and gauge
connections on them. In Section 4 we have found solutions for Ui as operators acting on




ri + Ai(1; 2; 3; 4) (65)
where 1  i  4. Here we will rst consider the compactied part. To nd full solutions for
the quotient conditions we need to nd Ω satisfying ΩUiΩ = U
−1
i and Ω
2 = 1. Consider an
operator Ω0 on HT dened by
(Ω0f)(s1; s2; k1; k2) = f(−s1;−s2;−k1;−k2): (66)
It is easy to see that Ω0UiΩ0Ui = e
2i(x1ix3i+x2ix4i). By redening Ui 7! e−i(x1ix3i+x2ix4i)Ui,




0 = 1. Thus we have a solution for (8) i.e., Ω0 together with
Ui’s dene a projective module over A o Z2. To get other types of modules, consider the















4 , (ni 2 Z),
satisfy the equation (8), where  is a phase which is chosen to get the relation Ω2 = 1 and
it can be calculated explicitly by using the commutation relations given in (54). As noted
in [7], projective modules obtained above generate the group K0(A o Z2) which classify
projective modules over A o Z2. Roughly speaking the modules described above generate
all the projective modules under a certain condition. In fact one has to describe the positive
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cone of K0(A o Z2), which is related to the positive trace on A o Z2 (cf. see [11] for the
noncommutative torus case).
Now consider the general solution (65) satisfying (3) and (4). Recall ri = 2iRi Xi. For
Xi, which was dened in (32), it is easy to verify that Ω0 XiΩ0 = − Xi. But since Xi do
not commute with Zi’s, we see that Ω0 is the unique solution for the equation Ω XiΩ =
− Xi. By denition of the functions Ai on the dual torus and by the relation (67), we
have Ω0Ai(1; 2; 3; 4)Ω0 = Ai(−1;−2;−3;−4). Applying Ω0 to the both sides on the
equation (65) we see that
Ai(−1;−2;−3;−4) = −Ai(1; 2; 3; 4); (68)
which implies that the functions Ai are odd functions. Note that on the dual torus Z2-action
is given by the central symmetry  7! − and hence it has xed points. On xed points the
equation (68) is no longer true. Thus all the connections are trivial ones which implies the
module described by Ui’s and Ω0 represents a free module over AoZ2. This set of solutions
were given as Rep: II in [8] for the ordinary T4=Z2 case. For the case of N D0-branes, Ω0
is replaced by Ω0 tensored by the identity matrix in U(N), and Ai; Xi become U(N) valued
functions. Since Ai’s are odd, it rules out the solutions of the constant connections, thus
provides no Higgs branch in the moduli space. However, there is a Coulomb branch in the
moduli space coming from the uncompactied part. The uncompactied spatial coordinates
X ,  = 5;    ; 9, satisfying the quotient condition (4) should be even functions of , thus
they can have constant expectation values providing the moduli space of R5 or (R5)N=SN
for one D0-brane or N D0-branes, respectively. This Coulomb branch has been interpreted
as the conguration space of positions of the D4-branes in the transverse space [8].
In the theory of D0-branes on the ordinary T4=Z2, in order to describe one zero brane on
T4=Z2 we need two zero-branes on T
4. Equivalently U(1) gauge theory on the Z2-orbifold is
described by a U(2) gauge theory on the torus. In this sense, it may be more appropriate
to consider two copies of projective modules over A which respects the Z2-action on A. In
fact this will give us a generic projective module solution for the quotient conditions.
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2 = 1: (70)
Thus the relations (70) denes a projective module over AoZ2. Since Xi denes a particular
solution, we may write the general solution on the torus as follows



















should commute with all the Ui’s, each entries A
jk
i commute
with Ui’s. In other words, the operators A
jk
i are generated by Zi’s. Thus they can be















By applying Ω we nd(
A11i (−j) A12i (−j)




−A11i (j) A12i (j)
A21i (j) −A22i (j)
)
: (73)
Notice that the diagonal entries of the matrix in (72) are odd functions on the dual torus,
and this fact will be used in nding the moduli space below. For the case of N D0-branes,
each entry of Ai becomes U(N) valued functions. The diagonal entries are odd functions of
 and the o-diagonal entries are even fuctions of .
Here, the gauge transformation should be invariant under Ω implementing the Z2 quo-










where the subscript ev or od indicates an even or odd function of .
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This indicates us that not all the U(2) group acts. For the case of N D0-branes, the gauge
parameters obey the similar restiction as in the one D0-brane case, thus not all the U(2N)
group acts. Notice also that due to the parity of the gauge eld under  7! −, the di-
agonal entries vanish and the bundle becomes singular at the xed points. This has been
related to the existence of two-brane charge at the collapsing two-cycle of the blown-up
space [12, 13, 14].
Now the solutions of constant connection in the sigle D0-brane case are given by














which can be decomposed into two parts, one propotional to the identity and





. Since we are only considering constant gauge
transformations in dealing with the moduli here, the noncommutativity does not aect the
result. The remaining component of Ai has translational symmetry of a 4-torus. This fact
and together with a residual guage symmetry 3 now yields a Higgs branch moduli space





was obtained in Section
4. Notice that the same type of solutions was given as Rep. I in [8] for the commutative
T4=Z2 case.
For the uncompactied X sector, the solution is the same as in the commutative case [8];
the moduli becomes R5R5 when Ai = 0, and when Ai 6= 0 the transverse moduli becomes
R
5 for generic points in T4
ˆ
=Z2, and R
5 R5 at the xed points in T4
ˆ
=Z2. Thus this can be
viewed as a bration over the Higgs branch of T4
ˆ
=Z2, with the ber R
5 at a generic point
and with the ber R5R5 at the orbifold xed points as suggested in the commutative case
[8].
For the Higgs branch with vanishing X ’s which was obtained for the one D0-brane case





The same form of moduli spaces in commutative and noncommutative cases as we have
seen above also appeared in the 4-torus case. In [15], the moduli space of D0-branes on
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commutative T4 with torons of U(N) Yang-Mills theory was given as (T4)p1=Sp1(T4)p2=Sp2
where U(N) gauge group broken down into U(k1)  U(k2) satisfying k1 + k2 = N , and
pi = gcd(ki; mi), i = 1; 2 with fluxes mi of U(ki). Its extension to the noncommutative case
has been recently studied in [16] using the ’t Hooft’s SU(N) solution of nontrivial twists [17],
and the resulting moduli space turned out to be of the same form, (T4
ˆk1
)p1=Sp1(T4ˆk2 )p2=Sp2,
where two noncommutative parameters ^k1 and ^k2 appeared for each of the two subgroups
U(k1) and U(k2) satisfying k1+k2 = N . So, we see that when we get into the noncommutative
case the moduli keeps the same form as in the commutative case.
6 Conclusion
In this paper, we construct a module on the orbifold of noncommutative T4=Z2. We start
with the construction of a module on noncommutative T4 a la Rieel [11]. In the CDS type
solution of M(atrix) theory compactied on the noncommutative 4-torus that we constructed,
we were able to show explicitly that the dual modules are actually related to each other
through SO(4,4jZ) duality transformations.
Based on the explicit CDS type solution on noncommutative T4 that we obtained, we
nd a Z2 orbifold solution of it by looking into a system of D0-branes on the covering space
then projecting it onto its invariant part under the discrete symmetry group. We construct
this noncommuatative orbifold solution for a single D0-brane case rst, then generalize it
for N D0-branes, the Rep: II case in [15]. Then, we consider the case of Rep: I in [15]
where each one zero brane on noncommutative T4=Z2 is described as two zero branes on
noncommutative T4, invariant under the Z2 quotient condition. Namely, by considering two
copies of projective modules over A which respects the Z2-action on A, we obtained a
generic projective module solution for the quotient condition.
It turns out that the resulting Higgs branch moduli space has the same form as in the com-
muative case obtained in [8], a toroidal orbifold T4
ˆ





for N D0-branes. So, we again see that for the noncommutative T4=Z2 case the moduli space
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